
Texuitl1li 'lwy'KU

S-YCEPE.llHEHHH 3A.llAq OIITMMAJIhHOrO KEPYBAHHH I
IIlITAHHH .llBOICTOCl1

BupiUleui npo6Jle.Mu p03po6'KU nepemeOpe1l1lli QJe1lxeJlJl S-ycepedueu/{5/, dJlJl K]WCY 3aOatt
OnmUJItaJlbUOZO'Kepyeamm e 6auaxoeoJ1,Y npocmopi,

AHaJli3 'lI1CJleHHIlX rry6JIiKaJJ:iH, lUO CTOCYlOTbCHnp06J1eM ycepCJ.tHeHHH 3a,lla'i OrrTI1MaJIbIlOfO Ke-

pyBaHHH, ,Il03BOJI5IE:BH,IliJII1TI1,IlBi caMOCTiHHi MeTO,llI1Kll IX J.tocJlitPKeHHH. B O,llHoMy BHrra,llKy aBTopll

3acTocoBylOTb, TaK 3BaHy, rrpHMY cxelVlY ./lJlH 3HaX0J.t)f(eHII51 yccpe./lI·leHol 3a./la'ii, KOJIH ycepeJ.tHeHH 10

ni,llJIHraC KQ)KHe i3 CrriBBi./lHOllleHb B nO'iaTKOBiH MaTeMaTwIIIiH MOJ.1CJli. B iHl110My Bl1na,llKY - ana-

paT ycepC,QlleHH51 3aCTOCOBYCTbCH 6e3nocepe,QHbO ,QO ueo6xi,QHHX YJ\lOB OnTI1MaJIbHOCTi. OCKiJlbKI1

3a3Ha'fCHi Bi./lMiHHOCTi y MeTO,llI1KaX HC MalOTb CBoro epopMaJIbHOrO o6rpyHTyBaHH51, TO 3aJII1U1aETbCH

Bi,llKpH1'HM rrWraHHH: ~rKY MeTO,QHKy Bap1'O nOKJIaCTVI B OCHOBy LIpH ycepe,QHeHHi KOHKpCTIll1X 3a,Qa'i

KepyBallJJH? 13YJ.(eMO BHXO,QJ.1TI13 1'oro, UlO ycepe,QHeHa 3a,Qa<ta I10.l:HlHHa MaTH "CTiHKi" Bapia1liHlIi

BJIaCTHBOCTi, 1'06'1'0 cyKynHicTb On1'HMaJrbHI1X <J:I1cy60rrTI1J\laJlbHHX xapaKTepHCTIJK y BI1xitlHHX 3a-

Ila'lax nOBl1l1Ila 36iraTlfC5I (B ./leHKi}! T()[[oJIoril) ,QO 0lITHMaJlblU1X xapaKTepnCTlm ,QJ]H ycepeJ,lHCHOI

3a,lla'li. Hex1'yBaHwI ,QauolO 06C1'aBI1HOlO ('. oJ,lHielO 3 OCHOBHHX npW-Il1H HCY3fOJ.l)KeHOC1'i ~a3HaqeJlHX

BI1lQe Me1'OJ,lHK. BiJ,lOMO, lllO 6iJIbIlliCTb 3aJ,laq OnTI1MaJIbllorO KcpyBaHHH MmKHa 3arrHC?TH HK 3aJ,laLJi

YMOBIlOi'MiniMi3auii' ./leHKI1X epyHKuioIIaJIiB Ha MHO)f(HHi J,lOnYC1'l1HI1X nap. TOJ,li ,QJI51epopMaJlbHOrO

TJIyMa'IellwI TaKoro nOHHTTH npOllcc ycepeJ,llleHH5I, npH HKOJ\1Y36cpiraloTcH 3a3Ha'felii BHlllC Bapia-

u:iHHi BJlaCTIJBOCTi, MO)f(Ha CKopMcTaTllcH anapaToM S-36i:>KHOCTi [2-4].
Y J,laI-lii1 p060Ti OCHOBHHM 06'E:KTOM J,locJIi,Q)f(eHb BHCTynalOTb onyKJli 3a,QaQi yMOBHOi'

MiHiMi3au.ii·. OCKiJlbKH TaKi 06'E:KTIf aonycKaIoTb J,lB01CTHH onHC, TO BHHHKae 3aKOHOMipHe flI1TaHHH:

'1M 6YJ,le nepexi,Q BiJ,l rrO<J:aTKOBoi' MHO:>KIfH.l13aJ,lacl J,l0 BillnOI3iJ.t!-lOi· HanpaBJleHOCTi ./lBoi'CTI1X 3aJ,la'l

HenepepBlIVlM Bi,QHOCHO Bapiaui}l!IOI S-36i)KHOCTi? }IK IlOKa3aHO IIJ.1)f(LJe, B 3araJlbHOMY BHnaJ,lKy u.e

He TaK, To6'ro S-rpaHHQHi 3a,la'ri IVI51 Bl1xiJ.tHol i crrpH)f(eTloi' J\H!O)f(HHI1 'lalla'] He 6Y/WTb B3aEMHO

IlBoi'CTHMI1. Pa30M 3 TI1M, cTpyKrypa J,lB01CTOI 3aJ.ta'fi ./l0 S-rpaIH1LJIIOI 6y,Qc CyTTE:BO 3aJle)KaTI1 Bi,Q

BM60py TOlloJIOrii' , B HKiH P03rJIH./laCTbCH BapialliHHa S-36i)f(HicTb.

Hexal1 X - ,QoBiJIbHI1H 6aHaXOBHH npocTip, X - }IOrO TonoJIoriQuo Cnp5I)f(eHHH. HexaH J,laJli l' - JJO-

KaJJbHO onyKJla TOnOJlOriH Ha .x, lQO Y3rOJ,l)f(eHa 3 ./lIWi·CTicno, A - Bnop5IllKOBaHa ;YIHO)I0111a

iHJ,leKCiB, U(O HarrpaBJIeHa 3a 3pOCTamlHM. 13Y./leMO BBa)KaTI1, 'ITO B X 3aJ,laHa HanpaBJleHicTb

rrillMlfQ)!OlTl {X a} at A' ./lJl~l 5IKOI IH])f(H51 TOnOJIOfi'fHa rpaHHTl5J r - LIXa € HerrycTOIO. P03fJIHHCMO

y3rOJ.l)KeHy 3 {X }
a aeA HanpaBJIeHicTb (pyHKU.iil. {Fa: X a --7 Ii} Ta ei./lnOBi!(lIY 1M Han paBlleHicTb

aeA

MUO)KHHY 3alla<J: (1) IIporrouyHbC5J pa3fJIHaaTH KaK cyKynHicTb 06'E:KTiB (/:r Fa (X)), KO)K-

Hl1ii 3 HKHX 0IlH03Ha<J:HO BH3Ha'IaE1'bCH napOIO (Fa ,Xa). J-jYDKHirpaHi B 3a,Qa<J:ax Pa 6yaeMo n03Ha-

'1aTI1 HK in! Pa. llo aHaJIorii' 3 [6], 3aJ,l;}LJy Pa 6y J,leMO Ha311BaTI1 lleTpl1BiaJlbHOIO, HKlllO 311aHaeTbCH

eJIeMeHT x~ E Xa TaKlfM:, lllO Fa(x~) < +00.

>IK 3a3Ha'iellO B (2-4}, ,QoBiJIbllii1 HanpaBJIeHOCTi 3aaaq (1) MO)f(HO rrOCTaBHTH y Bi./lnOBi,QlliCTb
nBi rpaHWfHi 3aJ.ta'li

(in! r - lis Fa(X)),
x€-rLsXa

(in! r -ls
5

F" (X)),
XE r-LIX a

>lKi Bi/lflOBiAHO 6yacMo Ha3HBaTYI HH)l(HbOIO Ta BepXHbOIO BapialliHIIOlO S-rpaHHU5lMI1 HanpaBJIeHOCTi

(1) TYf <Jepe3 r - lis Fa: l' - Ls Xa --7 Ii, l' - Iss Fa: l' - Li X" --7 R n03Ha<J:eHO HH)](HIO Ta BepXIIKl



S-rpaHIIl~i HarrpaBJIeHOC'1'i epyHKUiH {Fa: X a -~ Ii} . 5lKWO AMI cyKyrrHoc'1'i MHOJKI1H {X a}
aEA aEA

iCHye '1'onoJIori'IHa rpamIUH r - LmiXw '1'06'1'0 r - LiXa = r - LsiXa i Ha MHOJfUIHi r - LmiXa BHKO-

liYeTbCH piBHicTb r - LisP = r - LssP, TO S-rpaHwmi 3a).(a'Ii (2) CniBna,lIalO'1'b, O'1')Ke ,lIIm uanpaB-

JIeHOCTi (1) icnye B r-TonoJIorii: a6COJIlO'1'Ha BapiauiHHa S-rpaHIIU5J

C!nL.' -lm;F" (X)) . (3)

P03f]l}lUeMO rrHTaHHH npo n06y).(OBy ).(BoICToi: 3aAa'li ).IO BapiauiHHoi: S-rpaHHui (3). Ll.JIH Uboro

P03rJIHueMO ,lIBa iHlliHX 6aHaXOBHX npOCTopH Y '1'a Y, WO 3HaXO).IH'1'bCHB ).IB01cTOC'1'i Bi).IUOCHO

6iJIiHiHHOi' epOPMH (-,-)y. BH).IimIMO B Y).(oBiJIbUy ni,lIMHO)KHUYM, mo MicTH'1'b UyJIbOBHH eJIeMeH'1', i

HKy 6y).(eMO Ha3HBaTH MHO)KHHOIO 36ypeHb ).(JIH KO)KHOI i3 3a).(a'l Pa. IIOKJla).(eMO Za = XaM i

p03rJIHHeMO epyHKUilO cpa: Za ~ Ii '1'aKy, mo

5lC1I0, lUO npH p = 0, cyKyrrHicTb 3a).(a'l (5) B TO'lHOCTi CrriBna).(ae 3 (t). Pa30M 3 HIM, 133ara.~b-

HOMy BMrral(Ky Mae Micue TaKMH pe3YJIbTaT.

TBep,n::m:eHHH 1. HexaH {Xa LEA - HanpaBJIeHic'1'b nij],MHO)KHH 6aHaxoBoro rrpoCTopy X, j],JI5J

HKOI r - Li X a '* 0. HexaH Y - 6aHaXOBMH npoc'1'ip 3 BH).IiJIeHOlO B HbOMY 3aMKHyTolO rrij],MHO)Kl1-

HOIO M, lUO MicTMTb Hy JIbOBMH eJIeMeHT. TO).Ii ).IJIHHanpaBJIeHOCTi 3a,lIa'I yMoBHol MiHiMi3auil (1) Ta

Bi.a:noBi).(Hol UanpaBJleHOCTi 36ypeHHx 3a.a:a'I (4) 6y).IyTb BHKoHyBaTHC5J CniBBi).IuOllieHIUJ.:

in! r-issFa(x)~ in! (rx.u-lsscpa)(x,O), (6)
x E r-LiX a X te"f-Li}( lJ

in! r-iisFa(x)~ in! (rx.u-1iscpa)(x,O),
xer-uXa xer-LsXa

).Ie <Iepe3 r Ta .u rr03Ua'IeHO JIOKaJIbHO onyKJIi TonoJIorii: Ha Xi Y, HId y3ro).()Keui 3 ).(B01C'1'icTIO.

l{oBe.lleHHH HaBe.lleMO JIHllle .llJIH uepiBuocTi (6), OCKiJIbKH rrepeBipKa CniBBi.llHOllleUHTl (7) 6Y.lle

aHaJIOri'lHofO. 3ri.llHo 03HaQeHHIO BepxHbol S-rpaHHui r x .u -lsscpa ).(JIH UanpaBJIeHOC'1'i

{tPa: Xa x M ~ IiLEA [1], 06JIaCTlO fi iCHyBaHH5J CJIY)KHTb MHO)KHHa r x .u - Li (Xa x M).

OCKiJlbKH r x .u - Li (Xa x M);;2 (r - Li Xa) x M, TO (x,o) E r x .u - Li (Xa x M) npH Bcix

x E 'r-Li Xa. OnKe, ).IJI51 KQ)KHOi: napn Bi.llKpHTHX OKOJIiB (V E NJx)) x (W EN p(O)) , .lle

X E'r - Li Xa, MO)KeMO3aIIHcaTM

Y EV nXa
pEWnM

3Bi.a:KH3UaX0.llHMO

Umsup in! cpa(y, p) ~ lim sup
aEA (v,p )E(V,Wln(XanM) aEA

in!
YEVnXa
pEWnM

cpa(y,p) ~ limsup
aEA

in! Fa (y).
YEVnXa

OCKiJIbKH BH6ip .a:aHMXOKOJIiB e .llOBiJ~bHMM,TO

(1' x.u -lsslPa)(x,O) ~ l' - /'ssFa(x), Vx E l' - Li Xa

TaKHM QHUOM, uepiBHic'1'b (6) BCTaHOBJIeua. OT:m:e, BHKOUaUU5J CniBBi.lluOllleHb (4) npH Bcix

ex. E A lI.(e He rapaHTye piBHOCTi Bi).(nOBi.a:UHXS-rpaHHUb .llJI5J Bl1xi.llHOI Ta 36ypeHoi: HanpaBJIeHOCTi

¢YHKUiif.

TBep,n::m:eHHH 2. HexaI:I B j],onOBHeHlHI. j],0 yMOB TBepj],)KeHH511 BHKOHYIOTbC51piBHOCTi



in! rJ)a(x,p) = ct>a(x,O),'ltx EXa,'ltW ENJO).
pcMr,W .

CinL" r-/s,F"(XJ) 0 C:nL" (0 I'-Is, q,")rx'OJ) ,

C:nL. r Ii, F"(XJ) 0 (:n£x.(o I' -Ii, q,")rX,OJ).
LlOBC/lCHHH 6c3nOCCpC/lHbO BVlnJ1I1BaC i3 cniBBi.a.Homellb (in Ta B1I3Ha'1ClIHH Bapiallit'nmx

S-rpaHHL\b.

3ayBa)KeHHH 1. )1K BHnJII1B<l€ 3 JIOriKIJ ).IOBe,~eHH51 Tl3epLI)KCHH51 1, y;VJOBY (8) ivlO)Klia 3<HliHI1Tll

HaCTynHOIo:(/)a(X,p) = Fa (x) + Aa(p) , ).Ie {Aa:M-7R}acA - I1eIJCpCpBlIO 36i)fOla Upll p = 0 Ha-

rrpaBJJCHicTb. 30KpeM<l, A a (p) = A ° P , .a.e A: ly[ -7 R JIiHiiillHM HcnepepuHHH epYHloxiollaJL

03Ha'leHHjJ 1. M-nOJI51poro q)yHKUiOi F: E -7 R Ha onyKJIiiI MIIO)KHHi E 6y l\eMO Ha3HuaTVI

¢YHKuiro F;: X' -7 R, lUO 3a,lXafTbC51 npaBI1JJOM Fi(x*) =;~if((x' ,x)x - F(x)).

3ayB;DKJJMO, ilIO npI1 E == X, O/ICP)KJ1MO KJlaCl1'1He 03HLt'ICHH51 cnpmKeHoio no C!)CHXCJIlO epYHKlliio

F": X' -7 R [6]. Pa30M 3 TI1J\!, B 3araJIbHOMY BHna.a.Ky, (E c X) 6ylJ,e CUpaBe,lXJIJ1BOIO nepiBHic:Tb

F;(x') ~ F'(x*), 'It x· EX' .

llexaii (et>a)~.:x· x Y* -> R F M-noJulpa no MHO)l(HHi ZC/- = XC/- x M epYHKUioi (]>u:Zu -7 R.

(p )- 6" ,lXCMO Ha3HBani M-
a Za J

/lBoi·cnrMVt ;:1.0 Pa BiLIHOCHO ;:\alIaHOI-O 36ypeHH51. BepXHi rpaHi B :~aLla<lax (J~J~"UO:3Ha'1HJ\!O HK

sup(pJ * . 3ri,lXI-1O Bi/lOMI1X pe3yJIbTaTiB onYK]JOJ"(> aHaJIi3y, 6y /lC cn pa13C,'(JJHBIiM TaKe TBepmKCHHH.
Z"

JIeMa 1. )1KIUO ;:\a,~a'la Pa HeTplWiaJIbIla, TO sup(pJ~a :s; in! Pa < + 00. )1KlUO HeTpHBiaJlbHOIO €

3ajla<la (pJ~", TO -00 < Sup(~')~a :s; in/ p.,. 5IKLUO HCTpHHiaJJbHi P" Ta (pJ~", TO in/Pa I

sup(pJ~ cKiH'1eHHi i - 00 < sup(pJ~ :s; in! Pa < +00. }lKlUo epylTI{uil cpa.: Zu. -7 R LIonYCKafOTb
'a a

npOiIOInKeI-lH51 Ha BCIO J\IHO)l(HHY X X Y, TO

lIe p;..I :Up. - (cpa r (0, p.)) , a (epa)*: X· x Y· -7 R - Cnp51)Kefla 3 (/J<X:X x Y -7 R 110 Q)CHXC.1lO

\" "y
cpyHl{UiH.

3aYB~l)KHMO, IUO HepiBHicTb (9) F "P51i\U'f]\! HacJIiLIKOM TaKV1X lICpCTBOpCllb:

(]>a)~a (0, p.) = sup {(p., p) y - cpa (x, p)} :s; sup {(p., p)y ~ cpa (x, p)} == (cpa r(0, p*).
X~Xa X" X
p"M pE Y



TexuitlJii Jiay'Ku

TO 3 M-Crrp5DKeIHfMH 3a,lJ,aqaMH (Pa)~ MO>KHa llOB'513aTI1 IX 36ypeHlJ51
a

Ks~r(- (<p")~.(X' ,p.));, a EA}, X· EX'.

a 3HaQl1Tb, MO:>KHa BH3Ha'iHTI1 3a,lJ,a<li, ,lJ,BOICTi ,lJ,0 (Pa)~ . MHO:>KvIHy 3a,lJ,aQ yMoBHol MiHiMi3auil
a

6Y,lJ,eMO Ha311BaTH HarrpaBJIeHicTIo M-6i,lJ,BOi"CTl1X 3a,lJ,aQ ,lJ,O(1), ,lJ,e 'iCpe3 cl,Xa rr03Ha'ieHO 3aMl1KaHH5I

MHO){ZHHH XU B TOrrOJlOril T. TYT (cpa)~* - Cnp5I:>KeHa ,lJ,0 (cpa)* cPyHJzui51, a 3Ha'il1Tb, (lPa r* E-
~ ~ ~

T-peryJI5Ipv13auimo lPa
Ha MHO:>KHHi Xc< x M [6].

5lKIUo cPyHKuil 36ypeHb lPC<; Zc< ~ R 3a,lJ,OBOJIbH5IlOTb yMOBy cpa E r o(X X Y, Za), /Ie

Za. = Xc< x M - onyKJIi 3aMIZHyTi MIIO:>KHliH, TO (lParz* = cpa Ha Xc< X M i 3a,lJ,a<li (Pa); 6y,lJ,yTb
a a

CniBna,lJ,aTH 3 Pa.

)J:JI5I ,lJ,OBiJIbHOrO p EM nOKJIa,lJ,eMO Jz*(p) = in! (jJ a(x,p). TotJ:i, B nOBHili aHaJIoril 3 [6],
XEX a

03Ha'leHHH 2. CyKynHicTb 3atJ:a'i (Pa) 6Y./leMO Ha3HBanf piBHOMipHO HOpMaJIbHOIO, 5lKIlIO npH

KO:>KHOMy 3Ha'IeHHi (L E A cPyHKUii" Jza:M -~ R cKiwfeHHi i HaniBHcrrepepBHi 3HH3Y (Hn. 3H.) B

HyJIi (0 EM).

JIeMa 2. Hexali ([Ja E10(X X Y,Za) rrpH Bcix (L EA. TotJ:i 6ytJ:yTb eKBiBaJIeHTHHMH TaKi yMO-

BM: a) HanpaBJIeHicTb 3a./laQ (Pa) piBHOMipHO HOpl\'laJIbHa; 6) HarrpaBJIeHicTb M-Crrp51){(eHHX 3a./lal.l

(Parz piBHOMipHO HOpMaJIbHa; B) in! Pa = sup(Par rrpl1 Bcix (L E A i ui 3Hal.leHH51 CKiHl.lCHt-li.
a ~

Hexai1 Tenep (X, }) - rrapa 6aHaXOBHX rrpocTopiB, IUO E' TorroJIori<fHO Cnp5I:>KeHHMH tJ:0 ccnapa-

6CJlbHHX 6aHaXOBl1X npoCTopiB V Ta W BitJ:noBi/IHo. nytJ:eMo BBa:>Kanf, UlO X HatJ:iJleHO o-(V*, V)-

TonoJJoriE-lO, a Y - o-(W*, W) -TonoJIorieJO. P03JJ5IHeMO B X tJ:oBiJlbHy HanpaBJleHicTb onyKJJHX

,(X .) "3al\1KHYTHX nitJ:MHO:>KI1H {X} ,lVI5l 5lKOl B *-TorroJlorii" lIa X iCHye HH)KH51 3a XayctJ:op-w a a~A

cPOM rpaHI1U51 H(X w • ) - Li X a [1].

Hcxal1 {Fa: X a ~ (- OCJ, + OCJJ} aEA - Y3rO/I)KCIW 3 {Xa LEA HanpaBJICHicTb onyKJIHX ,(X
w

') -

Hn. 3H. cPyHKuit'r. BI1./lillIlMO B Y onyKJly '(Yw') -3aMKHyTy rri,'lMHo>KHHy M, BHyTpiwHicTb 5lKO'j

MicTHTb Hy JJbOBHH eJICMeHT. I1ocTaBl1MO y Bi,lJ,rrOBitJ:HicTb KO:>KHiH cPyHKuii' pc<; X C< ~ (-OCJ, +OCJ J i"j

36ypCHH51 cpa.; Xc< X M ~ (-OCJ,+OCJ], tJ:JI5l 5lKOrO BHKOHYJOTbC51 yMOBH (4). oytJ:eMO BBa)KaTH, IUO rrpH

KO:>KHOMy :mal.leHHi X EXo: (L E A Bi,lJ,06pa)fZelUlH pH ([Ja(X,p) 3atJ:0BOJJbH5lJOTb yMOBy

lPa (x, p};?: lPa (X,O) . OT)KC, 6ytJ:e CrrpaBCtJ:JlHBYlM cniBBitJ:HOllIeHll51 (8).

P03rJI51HCMO Aui HanpaBJlCHOCTi 3atJ:alJ.



aE+
KS~f((<p")~" (o,p')))' a EA)

~(inf. ct>a (x ,0)),l xEX,

Ae Za = Xa x M.
3ri;:(Ho HaBe,1"(eHoMy BI1me, MHOJIUIHa (12) HBJT5!e C060IO Harrpal:\JleHicTb 3a;:(a'1, mo e M-

ABOlCTl1MI1;:(0 (11). P03nulHeMo flI1TaHHH TTpOcrriBBi;:(HollleHH5! Mi)K BapiaTl,iHHI1Mll S-rpaHI1W1J\1ll 11Jl5!

KQ)KHOi';, nanpaBJreIlocTet'T (11)-(12). JVIH 1.(bOrO BBe;:(eMOTaKi rro::ma'-leHH5I: Z = X x Y; 1'(Zw') -

L(06yTOK a-(V', V) -TorroJlorii' ria X Ta cy(W', W) -TOrrOJIOrii' Ha Y; 1'(Z;) TOrrOJIOfl51 Ha

Z· = X' x y', mc pe3YJlbTaT 1l06yTTcy CI1JIbHHX TonoJloriH (TonOJlOrij,j 1l0PlVHJ) Ha X' i Y';

seq( Z w' ) - tis cpa: H (Z w' ) - Ls Z a -+ R ,

seq( Z w * ) - Iss (jYx: H( Z w . ) - Li Z a -+ R ,

seq( Zw •) - Im~ cpa: H (Zw . ) - Lm Za -+ R' -

siAnOBii\Ho HH)KH}l, BepXWl Ta a6COJITOTHa CeKBCHl.I;ii:'IHiS-rparlHui HanpaBJTeHOCTi 36ypeHI1x (pyrlTCUilVj

{(JJa: Za~ li} 1:\ 1'(Z,.) -TonoJloril [11.
a"A w

TeopeMa 1. Hexai1 V, W - napa oaHaXOBl1X npocTopin, LIlO e TOnOJIOri'lHO Cnp51)KeHI1MI1[\0 ce-
napa6eJlbH 1-1X 6allaXOBI1X rrpoc-fopiB V Ta W BitxnoniAHo. J5ytxeMO BBa)KaTl1 BYIICOHaHI1MI1TaKi yMOBH:

a) B X ;,atxaHa eKBi06MexceHa HanpaBJlenicTb onyKJlI1X 1'(X
w

') -3aMTCHYTHXnii\MHOJluln {Xa tEA;

6) 13 Y 3aJJ:a1Ia onyrOIa r( Yw * ) -3aM1CHyra 06Me)KeHa ni/lMHmKflHa M, IlnyTpiulHicTb 5IKOi' MicTHTb

HYJlbOBlIt'1eJleMeHT;

B) 3aAaiia HanpaBJleHicTb piBHoMipno BJlaCmrX orryKJ1l1X r( X w.) -TH!. 311. lj)yHKUiH r 1]

{Fa: Xa -+ (-oc,+OO/LcA'

TO/li, y Bi/ll10Bii\lIOCTi ,1"(0npaBIlJla (4), MOJKHa no6y,rxynanI nanpaBJlCllicTb onyKJlT1X pl13HOMlpHO

BJlaCHI1X r(Zw.)-HII. 3H. ¢YIlKI.I;ir1

TaKllX, ruo cpa(x,p) ~ cpa (x,O), V'x E Xa, V'p EM, V'a E A nac-rynHi TBepA)KeHH5I 6YllYTb eKBiBa-

JleHTHIIMI1:
(i) 3aAa'la YJ\lOBHOi'MiHiMi:,auii'

\

(in! F(X,O)) == ( inf (seq(zw') - Im~ rpa ) (X,O))
xeJ[, X *I LmXa XEH(X *)-LmXa\ w -- w

E a6COJllOTIlOIO CeKBClfT1iHHOIO13apiauii1HOIo S-rpaIIH1.(eIO II r( X w • ) -Tononoril AjJ5I nan paIlJleHOCTi

3aAa'l (1);
(ii) AJJ5I narrpallJreHOCTi M- /lBoi'cnlx 3alla <I (12) iCHye a6COJlIOTHa sapiauii1Ha S-rpaHI11.(5I B '1'0-

nO.JIorii' HOpMT1Ha y', txJl5! mwi' cnpaBetxJlI1BO 306pa)KeIUI5I



Texui1lui uayKu

ae F: H(X w' ) - Lm Z a ~ ( - 00, + 001 - orryKJIa BJIaCHa r(Z w' ) -Hn. 3H. ¢yHKUiH.

l.(oBe/~eHHH (i) =:>(ii). TI03HaTfHMO Zs =H(Zw·)-LmZa, Xs =H(Xw_)-LmXa, BBa)KaIOTII1,

~O HaBeaeHi rpaHI1ui 3a XaycaOp¢oM iCHYIOTb. Hexail amI a6COJIlOTilOI ceKBeHuii1Hol S-rpaHJ.1ui

HarrpaBJIeHOCTi (1) crrpaBeaJII1BO 306pa)KeHHH (14), ae BM6ip ¢YHKUiil ([>u rriarrOpHtlKOBaHI1H BM~e

lIaBeaeHHM yMoBaM. Toai

F(x,O)=seq(Xw.)-lm~ pU(x), 'v'XEX, (16)

Pa30M 3 TI1M, no aHaJIOrll 3 [1], MQ)KHa rrOKa3aTll, 11(0 aJIH M-rrOJI>l.pH epyHKUii

F: Z s ~ (- 00, + 00J rro MIlO:>KHHiZs Mae Micu;e TOTO:>KHicTb

T06TO PZs CniBna,lJ,ae 3 a6COJlIOTHOlO S-rpamu~elO B CI1JIbHili TOnOJlOril lIa Z· = X· x y' ,'lJI>l. Ha-

npaBJIeHOCTiM-rrOJIHp {(([>a)~a:Z' ~(-oo,+ooJ} .
aEA

TIoKa)KeMO, il~O 3BY)J{eHH}l ¢yHKU;ii' (17) Ha MHO)J{I1HY y' B TO'lHOCTi crriFmaJJ:ae 3 a6COJlIOTHOFO

S-,paHuelO B r(~~)-TorroJIoril HacTynHoi HarrpaBJIeHOCTi

OCKiJIbKI1 r(Z;) -TonoJIori>l. Ha Z· = X" x Y" 3aaOBOJIbH>l.e rrepwiJii aKcioMi 3<JI1CJleHHOCTi, TO

JIJUI ¢yHKuil (17), HK a6COJlIOTHOi- S-rpaHHui, 6y iiYTb crr paBeJIJIl1Bi TaKi TBepii)J{eHH>I:

{ }
r (Z;) (" ").'v' (X:,y:) ..----~ x ,y ,

(b) ,lJ,JIHBC>l.KOi'napH (x" ,yo) E Z" iCHye HarrpaBJIeHicTb {(xu" ,Ya")}, >lKa CHJIbHO 36iraETbCH ,'l0

Hel i TaKa, ~O Fz (x",y*) s; Iimsup(([>a)~ (xa',fa")'
j aEA '-'a

TOJJ:i i3 yMoBH (a) 3Hax OJJ:HMO, ~o ,'lJIH BC>l.KOIHarrpaBJIeHOCTi {y:} , >l.Ka Cl1JIbHO 36iraeTbC5!
QEA

B Y" ao ,lJ,e5IIWrO eJIeMeHTy y' E Y", 6Y,lJ,e CrrpaBe,lJ,JIHBOIO HepiBHicTb

Fzs (O,y") s; liminf(rpa)~a (O,Ya")' (19)
aE'A

Hexai1 Y' E Y' - JJ:oBiJIbH.H11 eJleMeHT. I1oKa)J{eMo iCHy·BaHH>l. HanpaBJIeHOCTi TOTIOK {y-.}
a aE'A

_ • r (Ys * ) •.

TaKOI, ~o Ya --------+ Y I rrpM UbOMY

Fzs (O,Y") s; limsup(([>a)~a (O,fa·).
aE A

oy,lJ,eMO BBa)J{aTl1, IUO F;, (O,Y') < +00 (iHaKwe HepiBHicTb (20) 6YAe crrpaBeJJ:JII1BOIO aJI>l. 6YAb-

>l.KOIHarrpaHJIeHOCTi, 11\0 CI1JIbHO 36ira€TbC>l. ,lJ,O yo). TOAi i3 yMOHI1 (b) Bl1nJII1Bae iCHyBaHH5I B Y*

HanpaBJIeHOCTi TOTIOK {Ya'} TaKoI, 11~0y" ~ y' CHJlbHO B Y' i Iimsup(([>a)~ (O,f *) < +00.
aE A ex. at:.A c a



{(,'I~LM((Ji;,p), -CP'(x,p))), a EAj
MO>KHa 1I0CTaBHTH y Bi,[(110BiD,HiCTb MHO)J{HHY IX MaKCIH1i3alrriB {(x~,p~) E Za C X x yLeA .
OCKiJIbK.I1 Ha1lpaBJIeHicTb MHO>K.I1H {Z = X x M} - eKBi06Me)KeHa i KO>KHa 3 niJlMHO)J{HHa a aeA

Za. = Xa.xM ('. -r(Zw .) -3aMKHyToIO, TO 3ri/mo TeOpeMI1 naHaxa-AJIaorJIy, HarrpaBJIellOCTi {X~LA i

{p~ LOA 6Yil.)'Tb KOMnaKTHi B TOIIOJIori51x CT(V*, v) "fa CT(W*, w) BilJ.[lOniD,HO TOj1i ~lO)J{eMO BBa)J{a-

TH, Il.(0 iCHyTOTb eJleMeHTH xO E H(X
w

.) - LmXa 1'a pO EM, j1JIH 5IKI1X BHKOHYIOTbC5I yMOBH:

( \
T lr "p~ w_J__ ) pO ,

Bpaxony lO'm, THO 11pH ]{o>KHOMy 3lfa'leHHi (J. E A crr paBCi\lllll3i pil3llOCTi

(cpa)~ (O,)la") = sup {(y~ ,ply - cpa (x, p)} = (Ya" ,p~) y - epa(x~, p~),
a (x,p)cXaxM

Um sup( (]>a)~ (o,y~) :s; Um sup(y: , p~ Iy - Um inf (]>a(x~ , p~) =
rt:..A (I fH.A aEA

= (y' ,POly _ fiminf cpa(x2 ,p~).
(lE"A

S-rpaHlIUb) TOM)'

U,::/::p( cpa)~a (D,y;) :s; (y*, pO) y - [seq(z w' ) - fm: (]>a(XO, pO)] :s;

:s; sup {(Y*,Ply --[seq(Zw.)-fm~ epa(xo,pO)J} = F;,(O,y*)
(x,p ) E Z,

OT)KC, cniBBi/(HOIlleHH>! (20) nCTaHOnJleHO. TaKHM lfI1HOM, Ilj>HHMalOlf..I1 /(0 ynanl HepiBIlOCTi

(19)-(20), O/lep)KHMO: ¢yrIKUi51 F;, (0,.) f. a6COJTT01'HOlDS-rpalHlIlelO B T0l10JTOl'ii HOPM~I !la y' j1JT5I

HarrpanJlelrOCTi (18). TOMy, LlJH1HallpaBJICHOCTi M-L\BOi'CTHX 3a,'la'I (12) iCJlye a6comOTHa napiaILi(T-

Ha S-rpaHHUH n -r(Yj~)-TOnO.1lOril, j1Jl5I HKOI 6YLle Cl1paBC,LUIHBClepopMyJla (15)

(ii)=>(i). HcxaH MaE ~Iicue epopMyJIa (15), 1'061'0 epyHKUi5I F;, (O,.):Y" --+(-00,+00/ f a6co-

mOTHOlO S-rpaHHlXclO B TOnOJIOrii: lIOP~1H na y' ,[(JT51HanpaBJle1l0CTi q)yHKUitj (18). OOKcDKef\olO,lUO B

llbOMy mmaLlKY 6YL\c BI1KoHYBaTllc>T 1'Bep,[()KeHH51 (i). OCKiJlbK~1 .lJl5I epyHKUii: Fzs CllpaBC.L\JIl1Ba

tpOpMYJra (17), TO MO)J{eMO 3Cllll1cam [11 F(x,p)= seq(Zw.)-fm: epa(x,p), 'I1(x,p) EZs' Pa30M 3

TMM, ,[(alle CniBBi.L\HOIlleHHH eKBiBa.7IeHTIIO TOMy, ll.{O Ha MIlO>Kl1.liiz.~B1IKOHYCTbC51HepiBIlicTb

flOlCa>KCf\olO,Il.(O L\JT51Bcix X E ff(X w. ) - Lm X a CnpaBCL\JfVlBC ClliBBij1110UrCHH5I:



~ in/{limin/rpa(Xa ,0) IXa
aEA

Vx EH(Xw.)-LmXa

TaKHM tII1HOM, npaBa tIaCTHHa HepiBHocTi (22) ~OBe~eHa .

.llmI nepeBipKH JJi80i' 'IaCTHHl1 crriBBi~IIollleHHH (22) 3ayBa)f{HMO, lUO

rpa(xa,Pa) ~ rpa(xa,O), Va EA.

r(Xw')
ODKe limsupC/Ja(Xa,Pa)~limsup([Ja(Xa,O), rrpl1 8cix xa----~)X

a~A aEA

AJJH Bcix x E H( X w • ) - Lm X a'

TaIUlM QI1HOM, nO€~HYIO<[J1 (23) 3 (24), O~ep)f{I1MO HepiHllicTb (22). OT)f{e

P(X,O) = seq(X w') -lm~ pa(x), Vx E H(Xw') - LmXa

i 3aAa<Ia (14) 8 a6COllIOTHOIO CeKBeHuiHHOIO BapiauiHHOIO S-,paHl1l~elO B r(X w .) -TorroJJorii' Harrpa8-

.'Ie-HOCTi 3a~a'i (1).
HacJli.u;OK. Hexaii BI1KOHYIOTbC5InO<laTKOBi rrplmylUeHH5I TeopCMH 1. To~i 3a~a'ia

3riAHO lIeMH 1, AJJ5I Ka)KHOl napI1 M-Crrp5l)f{eHI1X 3aAa<I Pa i (Pa) ~ BHKOHY8TbCH Cf1iBBi~-
a

HorueHHH Sup(pJ~a ~ in! Pa ' Va EA. [loKa)f{eMO, ll.\O HaBe~eHa HepiBHicTb 3aJJI1IIIUTbCH Cnpa8eA-

JII1BOIOi ~JJH S-rpaHI1'IHI1X 3a.u;a'i (25 )-(26), lUO 3HaXO~HTbC}J y BiAHollleHHi M~~BOj'CTOCTi.

TBep.u;)KeHHH 3. HexaI1 I3UKOHYIOTbCHnO'iaTKOBi npunyJl.\eHH5I TeopeMH 1. To~i

AJIH Bcix x E H (X
w

') - LmXa i p. E Y·, ODKe



sup I_(r(Z;)-lm~ (cpa)~ )(O'P*)Jls; inf
* y *l axM ( ,p C xEH X

w
*)

(seq(xw *) -Im~ Fa )(x). (28)
LmXa

}loBei\eHH5l. BBei\eMO TaKi Il03Ha'-leHHl-\: Xo = H (Xw *)-LmXa;

CP* (O,p*) = r (Z; ) -Im~ (epa)~a ((a,p*));

F(x) = seq(Xw.) -1m; F"(x)

BexaI1 xo E Xo, po E Y* - .LloBiJIbHi <piKcoBaHi eJIe~1eHTYI. TOi\i 3a o:maTIeHH51M TonOJl0ri'-lHoi'

rpaHlll..(i 3a XayC.LlOp<pOM, 3 yMOBl1 xO E Xo BHnllHBae <paKT iCHVBaHIHI HanpaBJleHOCTi TO'-lOK

{X~},.>EA TaKoi", U\O x~ EXa, Va.. EA

<P*(0,.): y' --~Ii. 51K S-rpauHui B TOnOJIOrii" HOpMH Ha Y*, BMKOHYIOTbC5jHcpiBHOCTi (19)-(20)

Me 'icnyc HanpaBJleHicTb TO<IOIC{p~} C Y* TaKa, illO p~ ~ pO CHJlbliO B Y* VI rrpM UbOMY

Pa30M 3 HIM, .LlJl51BC5IKOi"rrapH M-CIIpmKemIX <PYHKLl,ii1Fa i (cpa)~ (0,-) BVlKOUYCTbC51Bii\OMa
'a

HepiBllicTb (i\HB [6]) - (<pa)~ (O,p·) s; Fa(x), Vp* E Y*, Vx E Xa. OT)J{e
a

Deper"IIlIOBlllH B OCTaHHbOMY cniBBiAHomeHHi .LlO HH)J{J-IbOi" rpaHHui,

-limsup(cpa): (a,p~) s; liminf Fa(x~). TOi\i, BpaxoBylO'HI (29), ~laTH~leMO
aC A a aE A

-limsup(cpa)~ (O,p~) s; liminf Fa(x~)
acA 'a acA

OCKiJIbKf1, Oi\ep)J{aHa HepiBHicTb Cllpanei\JII-IBa AJI51 Bcix *-cJla6o 36i)KJlHX AO xO HanpaBJIeHO-

coreB {x2 E Xa} , TO
aEA

- CP*(O,pO) s; inffliminf Fa(X~)1 X~ _<_(_Xw_.)~)xo} '"lad

'" seq(Xw.) -lis Fa(xO) S; seq(Xw.) -1m; pa(xO) = F(xO).

TaKI1M TIHHOI-1,HcpiBHiCTb (27) BIIKOIlYtTbC51 Ha napi eJleMeIrfiI3 (xO, pO). OCKiJfbKI1 Bu6ip BKa-

3allHX eJIeMeHTiB 6yn i\oBiJIbHIlM, TO cniBBiAHOWeHH51 (27), a, 31IatIHTb, i (28), ,':loBell.eHi.

TeopeMa 2. HexaM. 13 A0I10BHCHH51 AO yMOB TeopeMH 1 llanpaBJIenicTb 3aAay (1) piBHOMipHO

HopMa.fJbHa. TOi\i

sup {- (r(Z; ) - Im~ (cpar . )(o,p*)} =
. y. x" M

p '"

inf (seq(X .)-lm~ Fa)(x) = lim inf Fa(x).
(

\ W a"A X
x c H X w • ) - Lm X a X C IX

ll,oBeileIII!5I. nYAeMo KOpJ1CTyBaTHC51 If03H<l'-leHlUJMH, 1.1..1.0HaBeileHi B TBepil)J{eHHi 3. 3rLTlHO JIe MH

2 I3JlaCTI1BicTlj piBHOMi pHoi' HOpMaJlbHOCTi AJHI II<lnpaBJJeHOCTi :3aila '-J (1) elCBinaJ1eHTHa TOMy) IUO



OCKiJlbKM ¢YHKlli5J cp *(0,-): Y* ~ R € a6COJIlOTHOIO S-rpaHl1uelO B CHJIbHii1 TonoJIoril Ha Y'

HanpaB!IeHOCTi M-nOJl5Ip {( cpa)~ : Y* ~ R} , TO
a aEA

TOjli, BpaXOl~YIO'iM piBHOCTi (31), OCTaHH€ CniBBijlHOllJeHH5l MO)J(Ha nepeJIMCanl Y Bl1rJI5Jp:i

SUp (- Cp*(O,p*)) = lim in! F"'(x). (32)
P KEY' a~AXEX a

IIoKa:JKeMO, ilIO lim inf Fa(x) = illf F(x). OCKiJIbKH Fa:Xa ~R-T(xw.)-Hn. 3H., a MHO-
aEAx EX a XEX o

)KMHlf i'x BM3Ha'ieHIUI X a 06Me:JKerri i T(X w ' ) -3aMKuyTi, TO 3a,LJ,a'ii yMoBHol MiHiMi3auii" (1) MalOTb

P03B'513KI1. Hexai1 {x~ EXa} - H,mpaBneHicTb MiHiMi3aHTiB P:JI51 (1). OCKinbKM nijlMHO>KI1HI1
aEA

{Xa} acA eI<Bi06Me:JKeHi, TO iCHye KOHCTaHTa C> ° TaKa, ilIO Ilx~"x ~ c, '1/a EA. OT:JKe, 3rip:Ho Teo-

peMM EaHaXa-AJIaorny, 3HaiIp:eTbC51 eJIeMeHT xo EX i nip:HanpaBJlenicTb MiHiMi3aI-ITiB {y2} TaKi,
PEB

ilIO Ypo ~ xo *-cna60 B X. AJIe {yp
o} eKBiy3rop::JKerra 3 {Xa} ,TOMy iCHye ¢YIII{ui51

PEB aE A

G: B ~ A TaKa, ilIO y2 EX G (fJ), '1/jJ E B. TaKl1M <Il1HOM, *-CJIa6Ka rpalIl1ll}I xo HanpaBJIerrOCTi

{y2} PEB 6y;xe rraJle:JKaTH Bepxrrii1 TonoJIori<iHiM rpaHHui 3a Xayc;xop¢OM H(X
w

') - Ls Xa· Bpaxo-

By IO'ill , IllO H(Xw,)-LsXa = H(Xw')- LiXa =Xo, O;xep:JKHMO xo EXO' Top:i, npl1MMaIO'iM p:o

yBarM BH3Ha<IeHH51 a6C0J1IOTHOi' ceKBeHuiMHOI S-rpaHHui B r(Xw') -TOnOJIOril, MO)J(eMO 3anHcanr:

F(xo) ~ UmFC (p)(y~) = Um in! FC (fJ)(x).
pEE PER - EX (~ G p)

Pa30M :~ TMM, 'iMCJ10Ba HanpaBJleHicTb {in! Fa(X)} 36iraCTbC51 (nMB. (32». OT:JKe 6Y;XYTb
x EXa

36iraTMC51 Bci Ii ni,LJ,rranpaBJ1eHOcTi. TOMy F(xO) ~ lim in! Fa(x). CniBCTaBJI51IO'iH jlaHe
aEA Xx G a

CniBBinHOIIleHH51 3 (32), oJ:lep)J{I1MO in! F(x) ~ F(xO) ~ sup (- q:>*(O,p*)) = lim in! Fa(x).
XEXO p'.,;Y' aEA XEXa

Toni, npHHMaIO'{M no yBarM (2S),

in! F(x) ~ F(xO) ~ sup (- q:>*(O,p*)) = Um in! Fa(x) ~ in! F(x),
XEXO p '.,;Y , aEA XEXa XEXO

TaKHM 'iI1HOM, CniBBitlHOIUeHJUI (30) BCTaHOBJIeHO.

HacJIip:oK. Ilpl1 BHKOHaHHi yMOB naHol TeOpeMI1 rpaHl-:l'iJii TO'{KI1 xO HanpaBJIeHOCTi

MiHiMi3aHTiB {x~} ;XJl51. (1) 6ynyTb 3ajlOBOJIbH51.TI1BKJ1IO'ieHHIO
aEA



3ayBa)J(eHHH 3. TeOpCMI1 1-3 6yJ.(yTb CnpaBCJ.(JII11311 B TOMy BWna/.lKY, KOJIl1 3aMicTb HaBeJ.(eHOi·

BI1Tlle Y]\oIOB11Ha XapaKTCp 36ypeHb, To6TO Wa(X,p):2:Wa(X,O),VXEXa,''il'pEM,VaEA, 6y,'J,c

MaTH MicllC epopMyJIa wa(x,p) = F'X(X)+Aa(p) , i\C {N':M~RLeA -r(yw.)-HcncpepBHO

36i)J{Ha )-laJlpaBJICHiCTb (pyHKllioHaJ[iB. ,ll,iiicno, B UbOMY BJUJai\KY HanpaBJleHicTb {PaLEA B (24)

r(Yw') ( )
MO)J{HaBH6pan! TaK, IUo6 Pa ~~---~) 0, Pa EM i A Pa :2: 0, Va EA.
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